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Abstract 

The  stability  of  a  class  of  "smooth"  solutions  £(t) 
to  an  equation  of  the  form  P£  +  K^  +  H^(t)  =  0  is  discussed 
in  terms  of  ||£(t)||.   P,  K,  and  H  are  time-independent 
linear  formally  self-adjoint  operators  defined  in  an  inner- 
product  space,  and  P  _>  0,  K  _>  0.   Necessary  and  sufficient 
conditions  for  exponential  stability  are  given  in  terms  of 
an  energy  principle,  and  the  maximal  growth  rate  O  of  an 
unstable  system  is  shown  to  be  the  supremum  of  a  certain 
functional  over  the  class  of  "negative  energy"  states. 
Sufficient  conditions  for  the  attainment  of  O  (i.e.,  that 
O  lie  in  the  point  spectrum)  are  given. 


-  Ill  - 
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I .   Introduction 

The  equations  of  small  oscillations  about  a  state  of 

equilibrium  of  a  system  subject  to  dissipative  as  well  as 

1_r  7 

conservative  forces  often  assumes  the  form 


?i   +  K^  +  H£(t)  =  0  ,     t  _>  0  (1) 

where  P,  K,  and  H  are  time-independent  linear  formally 
self-adjoint  operators  in  an  inner  product  space  E,  with 
P  _>  0  and  K  ^  0.   The  operator  K  represents  the  dissipative 
forces,  H  the  conservative  forces.   The  linear  stability  of 
such  equilibria  is  determined  by  the  boundedness  of  the 
solutions  of  Eq.  (1)  for  arbitrary  allowed  initial  condi- 
tions; the  equilibrium  is  said  to  be  stable  if  all  the 
solutions  of  Eq.  (1)  are  bounded  independently  of  t,  and 

unstable  otherwise. 

2 

Kelvin  and  Tait  proposed  a  simple  necessary  and 

sufficient  condition  for  exponential  stability  for  real 
operators  P  >  0,  K,  and  H  on  a  finite-dimensional  Euclidean 
space  E.   The  system  described  by  Eq.  (1)  is  exponentially 
stable  if  and  only  if  the  system  in  the  absence  of  dissi- 
pative forces  (i.e.,  Eq.  (1)  with  K  =  0)  is  exponentially 
stable,  or  in  other  words,  every  solution  £(t)  of  Eq.  (1) 
satisfies  ||£(t)||  <   Me   ,  t  >  0,  for  every  £  >   0  and  some 
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constant  M(6)  if  and  only  if   inf   jj'?\   >  0-   (Kelvin  and 
Tait  did  not  prove  their  assertion;  a  proof  using  the  methods 
of  Liapunov  can  be  found  in  Ref.  3)-   Exponential  stability 
of  the  system  for  H  >  0  is  a  simple  consequence  of  the  fact 
that  the  energy  of  the  system,  given  by  (£,P£)  +  (£>H£),  is 
a  nonincreasing  function  of  t  for  K  >   0  (see  Theorem  I  of 
Sec.  II). 

Exponential  instability  for  inf  y %y    <  0  can  be 
guaranteed  under  far  more  general  conditions.   Indeed,  the 
following  result  is  an  immediate  consequence  of  Theorem  V  of 
Ref.  6. 

Theorem;   Let  P,  K,  and  H  be  linear  Hermitian  operators  on 
and  into  the  Hilbert  space  E,  K  and  H  be  completely  continu- 
ous, P  >  0  and  invertible  (i.e.,   inf  r\y    >  0).   Let 

(  C  h£  )  ^ 

inf   »'iii;  <  0.   Then  H  has  n  negative  eigenvalues 

E 
7v,  <_  Xp  <_  .  . .  <_  \     <  0  where  n  _>  1,  and  there  exists  n 

positive  real  numbers  cd,  _^  oo?  _>  . .  .>cu  >  0  and  nonzero 

a)£t 
vectors  £,  >    £o>  •  ••>  £n£E  such  that  £*(t)  =  e    C»  satisfies 

Eq.  (1)  for  I   =   1,2,..  .,n  and  (Ck>CJ  =0   if  cjd^  =  cd«. 

We  consider  a  much  larger  class  of  problems  in  Sec.  II. 

There  it  is  assumed  that  P,  K,  and  H  are  merely  formally 

self-adjoint  operators  on  their  domains  of  definition  Dp, 

D„j  and  DTT,  which  are  subsets  of  some  inner  product  space  E, 

A.  h 

and  that  P  _>  0,  K  _>  0,  and  H  is  bounded  below.   (We  say  that 
an  operator  L  is  formally  self-adjoint  if  (r|,LC)  =  (Lt),£) 


for  all  Ti,CeDT-)    Stability  is  discussed  in  terms  of  the  norm 
of  solutions  of  Eq .  (1)  belonging  to  a  certain  "smooth"  cla.-s 
S  •   No  spectral  analysis  is  made;  we  operate  directly  with 
the  time-dependent  equation.   The  basic  idea  involved  is  very 
simple,  if  we  assume  for  the  moment  that  everything  is  suffi- 
ciently "nice",  as  it  is  if  E  is  finite-dimensional.   If 

inf  (l    W  >   0,  it  is  easily  shown  that  all  the  "smooth"  solu- 

E 
tions  of  Eq.  (1)  are  exponentially  bounded  in  norm.   If 

inf  i£\      <  °>    it  is  not  difficult  to  show  that  Eq .  (1)  admits 

E 
of  a  solution  £(t)  satisfying  ||£(t)||  ^_   &  >  0  for  some  positive 

5.   Then  we  merely  observe  that  C(t)  =  e   t(t)  satisfies 


PC  +  K  £  +  H  C(t)  =  0  ,   t  >  0  ,  (2) 

CD       CD  — 


if   and    only   if    £(t)    satisfies    Eq .    (1),    where   K     =   2cdP+K   >  0 

p 
for  cd   >  0,    H      =  cd  P   +   cdK  +  H      and   K     are   both   formally   self  • 

—   '        CD  CD 

adjoint,  so  that  Eq .  (2)  is  of  the  same  type  as  Eq .  (1). 

(C,H  C) 
Then  for  every  positive  cd  for  which  inf   /  u    u\      <   0,  there 

E 
is  a  C(t)  satisfying  Eq .  (2)  such  that  ||C(t)||  >  5  >  0  for 

t  >  0.   Hence  £(t)  =  e(wtC(t)  satisfies  Eq .  (1),  and 


H(t)\\    >   be^    ,   t  >  0  .  (3) 

The  maximal  growth  rate  ft  of  the  system  is  then  obtained 
as  the  supremum  of  the  set  of  all  cd's  for  which 
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(CHC) 

inf   ; u  » i   <  0.   This  is  the  essence  of  the  program 

E 
carried  out  in  Sec.  II.   In  order  to  facilitate  the  compu- 
tation of  O,  we  show  that  it  can  also  be  characterized  as 
the  supremum  of  the  functional  O  (defined  in  Sec.  II)  over 
the  set  of  vectors  r\   for  which  (t),Ht})  <  0.   Applications  to 
specific  problems  will  be  considered  in  another  paper. 


II.   Stability  Theorems 

Let  E  be  a  linear  inner  product  space  with  inner 
product  (  ,  )  and  P,  K,  and  H  linear  formally  self  adjoint 
operators  (independent  of  the  parameter  t)  with  domains  Dp, 
D„,  and  Du  in  E.   For  -oo  <  a>  <  oo  we  define  K  =  2cdP  +  K, 

A.        n  (0 

2 
H  ==  a>  P  +  a)K  +  H,  and  the  set  S  is  the  set  of  all  vector 

functions  £(t)  of  the  parameter  t  defined  for  all  t  >  0 

satisfying  the  following  nine  conditions: 


1.  ^(t)eDpnDKriDH      (=  DpflD    /ID „)  ,      t    >0                         (4) 

2.  e(t)eDp^DK      (=   Dpr)DK)    ,  t    >  0                         (5) 

3.  £(t)eDp  ,     t  >  0  (6) 

•  •  • 

4.  p£    +   K^S    +   H^(t)    =   0    ,       t    >  0  (7) 


•  •  ■ 


5.  ft  U,P£)       (i,H)   +  U,P£)       t  >  o  (8) 

6.  A.  (4,pe)  =  (Y,P£)  +  (k,?\)       t  >  o  (9) 


a 


7-  eft"  ^'P|)   =   ^P^)  +  (^P^)         t  >  0        (10) 

8-  dT  ^Kco^)  =  i'^ofi)    +  (1>kJ)  t  >  0       (11) 
9'   It  ^Ha^)  =   (^H^)  +  [KjA)               t  >   0       (12) 

Note:  The  precise  definition  of  the  t-derivative  £  is  not 
important  in  the  sequel,  provided  that  the  usual  rules  for 
differentiating  sums  and  products  (of  scalars  and  vectors) 

re  valid.   Thus  one  can  think  of  £   as  being  defined  in  the 
norm  topology  of  E,  or,  if  E  is  an  n-fold  Cartesian  product 
of  L2-spaces  (as  is  often  the  case  in  physical  applications), 
£   can  be  taken  to  be  the  n-vector  obtained  by  computing  the 
partial  derivative  with  respect  to  t  of  each  of  the  n 
components  of  £(t). 

It  is  clear  that  S,n   is  homogeneous  (i.e.,  f(t)  eS 

CD  N  00 

implies  a£(t)e  S^  for  all  real  numbers  a)  and  translation 
invariant  (i.e.,  ^(tjes^  implies  £(t+T)  e  S^  for  each  fixed 
T  _>  0).   We  also  have 

Lemma  I:   Let  co  e  (-co  ,  oo  ) .   Then  Sm  =  e_a)tSn,  i.e.,  C(t)eS 

CO  (J  *    v   '     CO 

if  and  only  if  C(t)  =  e_a)H(t)  for  some  £(t)e  SQ. 


Proof:   The  lemma  follows  directly  from  the  formulas 

4  [e^t)]  =  e^ikwZ)    and  -*|  [e^t)]  =  e0*  [  ?+2co^  ] 

dt 
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The  stability  theorems  to  follow  will  refer  to 

solutions  of  Eq.  (1)  in  the  class  S0,  which  may.,  in  virtue 

of  the  defining  Eqs .  (4)- (12)  be  thought  of  as  the  class 

of  "suitably  smooth"  solutions  of  Eq.  (l).   Eqs.  (5)-(12) 

are  merely  the  usual  rules  for  differentiating  inner 

products;  Eqs.  (H)   and  (5)  offer  no  restriction  on  the 

solutions  of  Eq.  (l)  provided  D^  =>  D„  =>  D„,  but  become 

r  A.     li 

additional  "smoothness"  requirements  should  the  above  set 

relation  not  hold. 

We  now  introduce  a  number  of  definitions.   Let 

D  =  Dp1DKnDH.   The  set  {tj|ti  =  $(0),  £(t)  e  S^) ,   defined 

for  each  fixed  real  cd,  is  independent  of  oo  by  Lemma  I. 

Denote  this  set  by  Y.   Y  is  homogeneous,  and  for  each 

£(t)  £Sffl)  £(T)e  Y  for  every  T  >   0.   We  shall  use  the 

letter  Q  to  denote  any  homogeneous  subset  of  Y.   The  set 

{tj|ti  =  £(T),  T  >  0,  £(t)  e  S^  and  £(0)  e  q},  defined  for  each 

fixed  real  a>,  is  independent  of  oo  by  the  homogeneity  of  Q, 

and  Lemma  I.  Denote  this  set  by  Q  .   Then  Q  is  homogeneous 

and  Y  =>  Q  =>  Q.   For  any  S  c  d  we  define  Fs(cd)  =  inf   ,  »  rt — 

for  coe  (-0D,oo).   Let  Z  denote  the  set  of  all  ordered  pairs 

(£(0),  £(0)>  for  £(t)eS0.   We  define  B  to  be  the  class  of 

all  homogeneous  subsets  Q  of  Y  with  the  property  that  for 

every  ti  e  Q,  and  each  real  a,  there  exists  <t>   such  that 

a 

(r\    <$>  y  e  z  and  *  -  ai)  e  N,  where  N  is  the  nullspace  of  P. 
^    a  a  ^ 

If  Q e  B,  we  say  that  Q  is  basic. 
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Lemma  II:   A)   Let  £(t)eS  for  some  real  go.   Then 


•        • 


ft  i<£,n)+   (^H^)}  -  -  2(|, K^)  ,   t  >  0  (13) 


If  in  addition,  P  >  0  and  K  >  0  on  DpflD,,,  £(0)eQ,  and 

—  03  —  r  IV 


F   (oo)  >  -oo  ,   we  have 


pQ.(o))  ii^t)ii2  <  (k0,n0)  +  (^0>h^o),    t  >o  d4) 


B)      Let   Q  be   basic,    FQ{<x>)    <  0,    Fq*(o))    >   -oo,    p   >  o   and   K      >  0 
on  D-d^D^.      Then   there   exists    £(t)eS     and  a    constant   6    >  0 

r    K  O 

such  that  C(0)  -  <o£(0)  e  N  and  ||C(  t)||  >  Se"*  for  all  t  >  0. 
Proof:   Eq.  (13)  follows  at  once  from  Eqs .  (7),  (8),  and 
(12).   Eq.  (13)  and  K^  >   0  imply  that  E(  t )  =  (  \,  ?l )  +   (  £,H^ ) 
is  a  nonincreasing  function  of  t  for  t  >^  0,  so  that 


(€,Hm!)  <  E(0)  -  (£,P£)  <  E(0),   t>0  (15) 


for   P    >  0.      Suppose    £(0)eQ.      Then  by    the   definition   of   Q    , 
we   have,    for  each   £   =   £(T)    with    ||£||    >  0, 


o*  -K7rr--curr    m 


Note  that  E(0)  <  0  implies  ||£(t)||  >  0  for  all  t  >  0  by 
Eq.  (15),  so  that  Eq .  (l6)  yields  Eq.  ( 14 )  .   Now  suppose 


QeB,  Pq(o))  <  0,  P  >  0  and  K  >0  on  Dpr\DK.   Since  Q  C  Q  , 
F~».(gd)  <  P^lcu)  <  0.   Now  F„(a>)  <  0  implies  the  existence 
of  an  rjeQ  for  which  (t),H  r\)    <   0.   Since  Q  is  basic,  there 
exists  C(t)eSQ  such  that  £(0)  =  rj,  C(0)  -  o)T)  e  N.   Then 
4(t)  "  e"U)tC(t)eSa),  £(0)  =  r,,  1(0)  =  1(0)    -   u>C(0)  e  N,  so 
that  Eq.  ( 14 )  yields 

||C(t)||  =  ll^tJHe^  >   6  e0*  ,   t  >  0 

i 
where   6  =  [( r^H^/F^  (cd))  2  >   0. 

This  completes  the  proof  of  Lemma  II. 

We  shall  assume  throughout  the  remainder  of  this  section 

that  K  >  0  and  P  >  0  on  DDr>D„. 

—  —        r    a. 


Let  S  C  D.   We  introduce  the  following  def initi 


V„  =  [a)|P„((JD)   <  0  ,    -oo<(JD<oo} 


ons 


oo  VQ  empty 

n(s)  =.;  b 

»  sup  u)  VQ  nonempty 
V 


2  =  C  -q  I  lies,   (tj,Hti)  <  0} 
For  each  TjeD,  we  define  the  positive  functional 
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/ 


1  ([l^a4  .  4  |a^3' .  |^j    {,uPn)>0 


(ti,Pt)) 

_  (t),Hti) 
(tj,Ktj) 


(t),Pt})  =  0,  (t),Kti)  >  0 


(ti,Pti)  =  0  =  (ti,Kt]) 


The  next  lemma  shows  that  Cl{  S)  is  positive  and  equals 
the  supremum  of  the  functional  0,     over  S,  provided  that 
PQ(0)  <  0  and  that  P  _>  0  and  K  >  0  on  S. 


Lemma  III:   A)   Let  S  C  D,  K  >   0  and  P  >  0  on  S.   Then 
Fq(cu)  is  a  nondecreasing  function  of  en  on  [0,°°).   If  in 

O 

addition,    H  is   bounded  below   on   S  and    inf  LAjIE^LLD)  >  0 
for  all   a   >  0,    then  Pq(cju)    is   strictly   increasing  on    [0,°°). 

B)  Let   S  C  D,    K   >  0  and    P   >   0   on   S,    and   Fq(0)    <   0.      Then 
S   is    nonempty,    for  each  r\eS  we   have  F„(u))    <  0  for  all 
ooe[0,fi   ),    and   fi(S)    =  sup  fi     >  0.      (Thus   K   >  0  and   P   >  0 
on   S   and   O(S)    <  0   imply      Fq(0)    >  0.) 

C)  Let   S  C  D,    Q{S)    >  0,    and   F„(cd)    be   strictly    increasing   on 
[0,»).      Then  Fs(cjd)    >  0   for  co   >  Sl{S)    and   F    (go)    <   0   for 

0    <  to   <   Sl{  S)  . 

Proof:      A)      Let   coe[0,-»)    and  (E  >  0.      Then 


F_(cc+e)    =    inf 


(n»H     ._T)) 


cu+e 


(T)»Tl) 


(il,[K+(2a>+e)P]Ti) 


>  Fs(a,)    +  e  inf     (TlJK+(2aJ4€)P]T]) 


(17) 
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which  proves  A).   Note  that  P  _>  0  and  K  _>  0  on  S  and 
FQ(0)  =  inf  P,H?^  >  -oo  imply  Fq(cd)  >  -»  for  co  >  0. 


B)   Pq(0)  <  0  means  S  is  nonempty.   For  each  r\eS,    we  have 


where 


(CHJ) 


G  (to)  = 


(^Hn) 


CD 


(  T],  T)) 


2  Ut},Ht))+co(t},Kt])+co2(ti,Pt))} 


If  fl  =°o,  then  G  (cd)  <  0  for  all  coe[0,co).   if  Q,      <  oo,  then 

G  (cd)  is  a  strictly  increasing  function  of  cd  for  cde[0,oo), 

and  G  (ft  )  =   0.   Thus,  in  any  case,  FQ(co)    G  (cd)  <  0  for 

coe[0,ft  ).   This  implies  ft  <_  ft(S)  for  every  T)eS,  so  that 

sup  ft  <  ft(S).   We  now  show  that  ft(S)  <  sup  ft  .   Let 
T]£S  TieS 

0  <  cd  <  ft(S).   Then  F„(cd)  <  0,  for  F„(co)  is  nondecreasing 

on  [0,°°)  by  Lemma  III  A),  so  that  Fq(cd)  >  0  would  imply 

Fg(  A)  _>  F„(cd)  _>  0  for  all  A  >_   cd,  which  contradicts  the 

definition  of  ft(S).   Fq,(cd)  <  0  means  that  there  exists 

■neS  such  that  G  (cd)  <  0.   Now  G  (  A)  >  0  for  A  >  ft  ,  and 

therefore  cd  <  ft  .  Hence  cd<sup  ft  for  all  cDe(0,ft[S]), 
Tl  ~  t\ 

T]eS   ' 

which  implies  ft(S)  <  sup  ft  .   This  proves  B). 

»v    T] 

T)eS 


1 1 


C).   Let  to  =  fi(S)  +  d  ,  £  >  0.   The  definition  of  fi(S)  implies 
that  Pg(X)  >  0  for  all  A  >  fi(S).   Suppose  Fg(co)  =  0.   Then 
since  F„(cd)  is  strictly  increasing,  F„(u)  -  ^)  <  0,  which  is  a 
contradiction.   Now  suppose  0    <_  (^>  <   fl(S).   Then  FQ(co)  <  0,  for 
Pnfo))  _>  0  and  F^  nondecreasing  would  imply  F  ( ~h)    >   o  for  all 
A  >  CD,  which  contradicts  the  definition  of  fi(S). 


Theorem  I:   Let  P  >  0  and  K  >  0  on  DDHD^. 

—  —         r    is. 

A)   If  FD(0)  >  0,  then  for  every  £(t)eS  we  have 


— 9 F  (0)  ~ 


B)      If   FJ0)    =  0      and      A  =   inf      }'  ■  ? '    >  0,    then  for  every 
D  DpriDKK'U 

e(t)eSo  for  which  ^  ll^l2  =   (L^)  +  (4,^)      (t>0)      we  have 


i^(t)n    <>  — 2 — °  A  ° — e_y  t  +  m0u,  t>0    (19) 


C)   If  F-n(0)  =  0  and  Fn(a>)  >  0  for  cu  >  0,  then  for  every 
£(t)eS„  and  every  positive  £  we  have 


,  (Cn,PCn)  +  (LHt)  H  £t 
— F  (€)  > 


where  CQ  =  £Q  -  €£Q • 
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Proof:   A)   For  any  Q,  Q  C  Q*  C  D,  ?o  that  0  <  PD( 0 )  <FQ»(0], 
and  Eq.  (18)  follows  at  once  from  Eq .  (14)  of  Lemma  II. 
B)   Let  £(t)eS  .   PD(  0 )  =  0  implies  (£,H£)  >  0  for  all  t  _>  0, 
and  Eq .  (15)  of  Lemma  II  gives 


AlllH2  <  [iM)    +    (^H?)  <   EQ  ,   t  >  0  (21) 

so   that    ||?(t)||    <    (EQ/A)*   for  all    t    >  0.      Now   2||£||   ^||U-  =  ^||L 
=    U,£)    +   ii,k)   1  2\\i\\H\\   for   im|    >  0,    so   that  ^M  <    ||£||    <   (EQ/A)* 
for   ||£(t)||    >  0.      It   follows   easily  from  the  mean  value   theorem 
that 


||£(t)||    <   (EQ/A)2t   +    ||40H    ,      t   >  0 

which  is  just  Eq .  (19)- 

C)   Clearly  FD(e)  >  0. 

and  Eq .  ( 14 )  of  Lemma  II  gives 


C)   Clearly  FD(6)  >  0.   Let  £(t)eSQ.   Then  C(t)  =  e  €t£(t)eS€, 


•>  i 


e€t  ||C(t)||  .:eet  -1-0 0  p  (g0  ^  0 


Dv 


which  is  Eq.  (20) 


Theorem  II:   A)   Let  K  >   0  and  P  >  0  on  Dpf)DK,  Q  be  basic, 
P0(0)  <  0,  and  FD( 0 )  >  -°°.   Then  ft(Q)  >  0,  and  for  every 

u)e[0,fi(Q))  there  exists  C(t)eS  and  a  constant  6  >   0  such  that 

o 

C(0)  -  coC(O)  e  N  and  ||C(  t)||  >  Se^  for  all  t  -  0.- 
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B)   Let  K  >  0  and  P  >  0  on  DpriDK,  FQ*  ( 0 )  <  0,  and  F   (go) 
be  strictly  increasing  for  oj  >  fi(  Q*  )  .   Then  for  every  C(t)eS 
with  C(0)eQ  and  each  £  >  0  there  exists  a  constant  p  >  0  such 
that  ||C(t)||  <  peW^^K      t  >  0. 

Proof:  A)   fi(Q)  >  0  by  Lemma  III-B.   Fr.(a>)  is  nondecreasing 
on  [0,oo)  by  Lemma  III-A,  so  that  F„(a>)  <  0  for  0  <  a)  <  fi(Q). 

y  — 

FD(0)    >   -oo    implies    FQ*(co)    >   -co   for  u>  _>  0,    and    the    result   now 
follows   at   once   from  Lemma    II-B. 

B)      fi(Q*)    >  0  by  Lemma   III-B.      For  £  >  0,    FQ#[fi(Q*)+£   ]    >  0 
since  F0#(oo)    is   strictly   increasing  on   (ft(Q*),°°).      Let 
C(t)eSo  and    C(0)eQ.      Then   ?(t)    =   e~[fi(Q*)+e]t   C(t)    e   SQ+C, 
and  Eq.    (1^)    of  Lemma    II  yields 


|C(t)||   =    H(t)\\e[Q+€]t   <   pe[0+€]t    ,      t    >  0 


where 


2  _  iio^oLLi!o^wv    n 
p  = F0*(^) >0 


III:   Let  -oo  <  Fjo)  <  0  and   inf   (  T *  E  K-kxP ] -q  )  >  Q 

p0DK 


Theorem  . 

D  DJTD      (Tl'^) 


for  a  >  0.   Suppose  there  is  a  basic  Q  for  which  ft(Q)  =  fi(D) 
Then  the  system  described  by  Eq .  (1)  is  exponentially 
unstable  with  maximal  growth  rate  fi(D),  i.e.,  for  each 
coe[0,fi(D))  there  exists  C(t)eS  and  a  constant  5  >  0  such 
that  ||C(t)||  >  6  ea3t  for  all  t  _>  0,  and  for  every  £(t)eS  and 
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every  £  >  0   there   exists    a    constant    p    >   0   such    that 

lie/  n  II  [fi(D)+£]  t    „ 

||£(t)||  _^  p   eL  J      for  all    t    >  0. 

Proof:      Note    that   DC  DdDd„  and    that      inf    ^/l^^      ^    >   0 

P     K  p^   (T!,T1) 

for  a  >  0  implies  that  K  >   0  and  P  >  0  on  dp'^dk"   ^D^  >  ° 
by  Lemma  III-B;  F„(a)),  F„(oo)  and  F„(co)  are  strictly  increasing 
on  [0,oo)  by  Lemma  III-A.   Since  D  D  Y  D  Q,  FD(co)  <  FY(a>)  <  F  ( cd) 
for  all  real  go,  and  therefore  fi(D)  =  fi(Q)  implies  H(D)  =  ft(Y). 
The  theorem  is  now  an  immediate  consequence  of  Theorem  II 
(substitute  Y  for  Q  in  Theorem  II-B,  and  note  that  Y*  =  Y) . 


Theorem  IV:   Let  P,  H,  and  K  be  (bounded)  Hermitian  operators 

(f  pf) 
on  and  into  the  Hilbert  space  E,  with  K  _>  0  and  inf  )  »'  ■.?   >  0 

E 
Then  Z  =  EXE,  and  for 

A)  FjO)  >  0,  Eq.  (18)  holds  for  every  £(t)eS  : 

Ji  O 

B)  PE(0)  -  0,  Eq.  (19)  holds  for  every  |(t)eSQ; 

C)  F„(0)  <  0,  the  set  of  solutions  S   of  Eq .  (1)  is  unstable 

ij  O 

with  maximal  growth  rate  fi(E). 

d£(  t ) 
(Note:   The  t-derivative  £(t)  =  — 4r — -   is  to  be  understood  as 

being  defined  in  the  norm  topology). 

Proof:   We  have  D  =  DD  =  Du  =  D^  =  E.   If  ri(t)  and  £(t)eE 
r     n     a. 

for  t  _>  0  are  dif f erentiable  (in  the  norm  topology),  then 

d 
for  any  bounded  operator  L  on  E  we  have  -rrr   (£,Ltj)  =  (  £,  Ltj  )  +  (  £,Lt) ) 

Thus  Eqs .  (8)  -  (12)  hold  for  every  £(t)  which  is  twice 

different!  able  for  t  _>  0,  and  we  also  have  -$r   {  ?>>  Z)  =  ik,  Z)  +  (  £>k) 
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Statements  A)  and  B)  follow  from  Theorem  I-A)  and  B). 

l^io\  (^(t)'; 

Let  CQ  =  \r    ;eExE  and  define  C(t)  =  '   (fc)   =  eACC0 

for  t  ^_   0,  where  the  bounded  linear  operator  A  on   EXE  is 

/'  0  I  \ 

given  by   A  s '•     ,         _,   I  •    Then  C(t)  is  dif f erentiable 
y-P  H     -P   K  J 

(infinitely  often)  in  the  norm  topology  of  E  •><  E  and  satisfies 

Cx(t) 

C(t)  =  \i   (t)/  =  A^(t)    for  t  >  ( 


Therefore  C-i(t)  satisfies  Eq.  (1)  for  t  _>  0,  and  since 
C(0)  -  C0,  C1(0)  =  C1Q   and  ^(0)  =  C20-   But  CQ  is  an 
arbitrary  element  of  ExE  and  £,(t)eS  ,  so  that  Z  -  EXE. 
Statement  (C)  follows  at  once  from  Theorem  III  by  taking  E 
as  the  basic  Q. 


Corollary:   Let  P,  K,  and  H  be  linear  Hermitian  operators  on 
and  into  the  finite-dimensional  Euclidean  space  E,  with  P  >  0 
and  K  •  0.   Then  the  system  described  by  Eq .  (1)  is  exponen- 
tially unstable  if  and  only  if  F^lO)  <  0,  and  the  maximum 
growth  rate  of  the  system  is  given  by  fi(E).   (The  following 
theorem  shows  that  fi(E)  is  actually  attained.)   The  system 
is  stable  if  PT7(0)  >  0. 

Proof:   In  a  finite-dimensional  E  differentiability  in  the 
norm  topology  and  component-wise  differentiability  are 
equivalent,  as  are  norm  stability  and  component-wise  stability. 
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Furthermore,  uniqueness  of  solutions  is  well-known. 

The  following  theorem  gives  sufficient  conditions  for 
the  attainment  of  the  maximal  growth  rate. 

Theorem  V:   Let  P,  K,  and  H  be  (bounded)  Hermitian  operators 
on  and  into  the  Hilbert  space  E,  having  the  following  proper- 
ties : 


u    lnf  (C,[k+;p]C)  >  0   for  a  >0 


E 


TC7C) 


2)      h     =   P     -C        for   each  <x>   >  0,    where    P     and    C      are 

CD      CD     CD  CD         CD 

(CP^C) 

Hermitian  operators  on  and  into  E,  inf   / y    ^  \      >  0, 


TZ7TT 


and  C   is  completely  continuous 


Then  if  P^lO)  <  0,  there  exists  ^eE  with  \\r\\\    >  0  such  that 
a 

£(t)  =  e^^^T]  for  t  >  0  satisfies  Eq .  (1). 

Proof:   It  follows  easily  from  the  definition  of  Pe(cd)  and 

the  boundedness  of  P,  K,  and  H  that  F„(co)  is  a  continuous 

function  of  cd  on  [0,<»),  and  we  have  Ff(cd)  — >  <»  as  cd  — ?  oo . 

Then  we  conclude  from  Lemma  III  that  ft(E)  is  the  unique 

root  of  F^cd)  in  [0,°°)  •   Therefore 
E 


0 


FAQ.)    =   inf 


E 


E 


(C,C) 


inf  ■  

E  ;  (CO 


(22) 
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(CcC) 

which  holds  if  and  only  if  1  =  sup  ,   »    ■» .  ,  since 

E       Q 

(C,PfiC) 

inf  i  «    »\       >   0.   It  follows  from  well-known  theorems  on 

E 

completely   continuous    Hermitian   operators    that    there   exists 
rjeE,    ||t)||    >  0,    such   that    P~t]   =   C~T),    i.e.,    H„T)   =   0.      This    is 
clearly    the    desired    r\. 
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